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Instruction: Answer Question One (1) and Any Other 3 Questions

I(a) LetT € B(H) be a bounded operator. Define each of the following terms on T:

(1) Diagonalizable (2marks)
(ii) Eigenvector (2marks)
(1)  Eigenvalue (Imark)
(b) Prove that any norm ||s||, is continuous under [[e]];. (12marks)
(¢) Suppose is E be an inner product space. Prove that the inner product (.|.):E x E —» K
is continuous with respect to the induced norm. (8marks)
2(a) Let 1 < p < =, and p' the exponent dual of pProve that ¥V, |x;| |y;| < lx|plyl, for all
x,y € KV, (11marks)
(b) Suppose E a vector space and F a subspace. When is £ / F called the quotient space of £
modulo F? (4marks)
3(a) Let E be an inner product space with inner product (. |.). Prove that |(u|v)| < |[u||||v||
for all u, v € E with equality if w.and v are linearly dependent. (11marks)

(b) Let X be a Banach space'and.Y a normed linear space. Let {T},} be a sequence of terms from
B(X.Y) conversing stronglyto T. Explain that there exists a positive constant M such that

[T, || <M for alLne (4marks)
4(a) Let E be a normed space. Prove that £ /F 1s a normed space with norm if and onlyif Fisa
closed subspace of E. (13marks)
(b) For an arbitrary non-empty subsetM of an inner product space, when is M*said to be the
orthogonal complement of M. (2marks)
5. (a) State the closed graph theorem. (2marks)

(b) Let X = R?. For arbitrary % = (%1,%2) € R?, define ||o||, = RZ - [0, ):

1
I£ll2 = (x1® + x,2)z. Prove that||«||, is a norm onx. (13marks)




