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1. (a) Show that d(x,y) = |x−y|3 does not define a metric on R.                          (4 marks) 

(b) Let R2 be the set of all ordered pairs of real numbers endowed with the metric  

                d1(x, y) = ∑ |xi − yi|
2
i=1  for arbitrary x = (x1, x2) and y = (y1, y2) in R2. Describe the       

                open ball B((0, 0); 1).                                                                                    (3 marks) 

(c) Why is it that any open ball centered at 0 ∈ [0, 1) with the usual metric on R, not open 

in R?                                                                                                                    (2 marks) 

(d) Let E = R and A = [0, 1). Now, endow R with the following metric: for all x, y ∈ R  

d(x, y) = 1, if x ≠ y and d(x, y) = 0 if x = y with the usual metric. Show that A = [0, 1) is 

open in R.                                                                                                            (9 marks) 

(e) Explain function space with the metric defined on it.                                    (4 marks) 

 

2. Show that in any metric space (E, d), each open ball is an open set in E.          (12 marks) 

 

3. Show that the interval [a, b] is closed in R.  Illustrate with an example.            (12 marks) 

 

4. Let E = R (the reals) and let d0 be defined by d0(x, y) = 1, if x ≠ y; d0(x, y) = 0 if x = y, 

and let F = [0, 1). Show that: 

(i) F has no limit points.                                                                                      (6 marks) 

(ii) F is closed.                                                                                                     (4 marks) 

(iii) F is open.                                                                                                      (2 marks) 

 

5. Let {Fi} i∈I be a nonempty family of closed sets of a metric space (E, d).  

Show that (i) ⋂ Fii∈I  is closed in E.                                                                     (6 marks) 

                 (ii) ⋃ Fi
k
i=1  is closed in E.                                                                   (6 marks) 

6. (a) Show that a subset F of a metric space (E, d) is closed in E if and only if its 

complement is open in E.                                                                                      (6 marks) 

(b) Show that every singleton subset of any metric space is closed. Hence, every finite set 

is closed.                                                                                                                (6 marks) 


