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INTRODUCTION

You are holding in your hand the course guide for FMT 309 (Linear Programming |). The
purpose of the course guide is to relate to you the basic structure of the course material you
are expected to study. Like the name ‘course guide’ implies, it is to guide you on what to expect
from the course material and at the end of studying the course material.

COURSE CONTENT

Linear programming models. The Simplex method, formulation and theory. Duality, integer
programming. Transportation problem, two-person zero-sum games.

COURSE AIM

The aim of the course is to bring to your cognizance the different methods of solving (LPP) thus
Linear programming models in Finance as mentioned in the course content to handle Financial
problems via the use of Statistics and calculations.

COURSE OBJECTIVES
At the end of studying the course material, among other objectives, you should be able to:

1. Write a Linear programming model.
2. Define and use some certain terminologies which shall be useful to you in this
course, Linear programming.

3. Formulate a linear programming problem, and
4. Perform a sensitivity analysis.
COURSE MATERIAL

The course material package is composed of:
The Course Guide

The study units

Self-Assessment Exercises

Tutor Marked Assignment
References/Further Reading

THE STUDY UNITS

There are four modules and eight units in this course material.
These study units are as listed below:

MODULE |

INTRODUCTION AND FORMULATION OF LPP
UNIT 1

1 Linear Programming

MODULE I1



Methods of Solutions to Linear Programming Problems
UNIT 2

Graphical and Algebraic Methods.

UNIT 3

Simplex Algorithm (Algebraic and Tabular forms)
UNIT 4

Artificial Variables Technique

UNIT 5 Simplex Algorithm- Initialization and Iteration
MODULE IlI

DUALITY IN LINEAR PROGRAMMING

UNIT 6

Duality in Linear Programming

MODULE IV

UNIT 7

Transportation Problem

UNIT 8

Integer Programming

TUTOR MARKED ASSIGNMENTS

The Tutor Marked Assignments (TMAs) at the end of each unit are designed to test your
knowledge and application of the concepts learned. Besides the preparatory TMAs in the
course material to test what has been learnt, it is important that you know that at the end of
the course, you must have done your examinable TMAs as they fall due, which are marked
electronically. They make up to 30 percent of the total score for the course.

SUMMARY
At the end of this unit,

1. You are now able to initialize, iterate and terminate any LPP and state the optimal
solution.

2. Degeneracy is a phenomenon of obtaining a degenerate basic feasible solution in an
LPP.

3. You are able to resolve degeneracy if it occurs.



4. The alternate optimum is indicated with the optimality or the termination condition
been satisfied, you have a non-basic variable with a zero value of the zj — ¢j row which
would want to enter and entering will give the same value of the objective function but
with a different solution. You also need to perform the two iterations in other to
maximize you profit and save some resource.

5. you also know that there are infinitely many solutions in the alternate optimum case.
Simplex will indicate only two corner points on the line of the constraint equation which
is parallel to the objective function. But every other point between the corner points is
also optimum.

6. Unboundedness is a phenomenon where the algorithm terminates because it was
unable to find a departing variable.

7. A problem is said to be Infeasible if the problem has no feasible solution.

8. A phenomenon in LPP by which, in the middle of simplex iteration, you have a set of
basic variables and after about some iterations, you realize that you are back to the same
set of basic variables, without satisfying the termination condition is called Cycling

9. You are also able to solve problems involving unrestricted variables.
Good luck.
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Linear Programming was first conceived by George B Dantzig around 1947. Historically,
the work of a Russian mathematician Kantorovich (1939) was published in 1959, yet Dantzig
is still credited with starting linear programming. In fact, Dantzig did not use the term Linear
Programming, his first paper was titled “Programming in Linear Structure”. Much later, the
term “Linear programming” was coined by Koopmans in 1948.

The Simplex method which is the most popular and powerful tool for solving linear pro-
gramming, to be studied in full later in this course, was published by Dantzig in 1949.

In this course, you will learn various tools in operations research, such as linear program-
ming, transportation and assignment problems and so on.

Before going into a detailed study, it is very important that you have a full understanding of
what operations research is all about.

Operation Research, abbreviated ’OR’ for short is a “scientific approach to decision making,
which seeks to determine how best to design and operate a system, under conditions requiring
the allocation of scarce resources.”

Operation research as a field of study provides a set of algorithms that acts as tools for ef-
fective problem solving and decision making in chosen application areas. OR has extensive
applications in engineering, business and public systems and is also used extensively by manu-
facturing and service industries in decision making.

The history of OR as a field of study dates back to the second World war Il when the British
military asked scientists to analyse military problems. In fact, second world war was perhaps
the first time when people realised that scarce resources can be used effectively and allocated
efficiently.

The application of mathematics and scientific method to military applications was called
“Operations Research” to begin with. But today, it has a different definition, it is also called
“Management Science”. In general the term Management Science also includes Operations
Research, in fact, this two terms are used interchangeably. As such, OR is defined as a scien-
tific approach to decision making that seeks conditions of allocating scarce resources. In fact
the most important thing in operations research is that resources are scarce and these scarce
resources are to be used efficiently.

In this course, you are going to study the following topics Linear programming,(Formulations
and Solutions), Duality and Sensitivity Analysis, Transportation Problem, Assignment Problem,
Dynamic Programming and Deterministic Inventory Models.




UNIT 1

LINEAR PROGRAMMING

1.1 Introduction

Linear programming deals with the optimization (maximization or minimization) of a function
of variables known as the objective functions. It is subject to a set of linear equalities and/or
inequalities known as constraints. Linear programming is a mathematical technique which in-
volves the allocation of limited resources in an optimal manner, on the basis of a given criterion
of optimality.

In this unit, properties of Linear Programming Problems (LPP) are discussed. The graph-
ical method of solving LPP is applicable where two variables are involved. The most widely
used method for solving LPP problems consisting of any number of variables is called simplex
method, developed by G. Dantzig in 1947 and made generally available in 1951.

1.2 Objectives

At the end of this unit, you should be able to

() Write aLinear programming model.

(i) Define and use some certain terminologies which shall be useful to you in this course,
Linear programming.

(i) Formulate alinear programming problem, and

(iv) Perfom asensitivity analysis.
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1.3 Main Contents

1.3.1 Formulation of LP Problems

The procedure for mathematical formulation of a LPP consists of the following steps:

Step 1 Write down the decision variables of the problem.

Step 2. Formulate the objective function to be optimized (maximized or minimized) as a linear
function of the decision variables.

Step 3. Formulate the other conditions of the problem such as resource limitation. market
constraints, interrelations between variables etc., as linear inequalities or equations in
terms of the decision variables.

Step 4. Add the non-negative constraint from the considerations so that the negative values of
the decision variables do not have any valid physical interpretation.

The objective function, the set of constraints and the non-negative restrictions together form
aLinear Programming Problem (LPP).

1.3.2 General Form of LPP

The general form of the LPP can be stated as follows:

In order to find the values of n decision variables X, Xo, ..., X, t0 minimize or maximize
the objective function.

Z = CiXy + CoXp ++ + CXp (1.1)
and also satisfy the constraints
I 0
A Xy +apXe - FaipnXn - b
I S
anXy F 82X+t anXn v H b,
. = . (1.2)
AuXy + ke AinXn - b
i < ﬁ .
AmiX1 + amaXz + -+ amnXn . bm

where the constraints may be in the form of inequality < or > or evenin the form of an equation
(=) and finally satisfy the non-negative restrictions

X1 =2 0,X% =>0,...,X, =0 (1.3)
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1.3.3 Matrix Form of LP Problem
The LPP can be expressed asa matrix as follows:
Maximize or Minimize z = cx' (Objective Functions)

Subjectto: Ax (£==) b (Constraints) (1.4)

b>0, x = 0, (Nonnegative restrictions)

where X = (X1, X2, ...,%n), € =(Cy,Cy,...,Cn), and X' is the transpose of x.
U 0 U U]
by i1 A1z ' Qi
o ! H H

h=—" by~ A="2ap axp ' adpyp
] ] E } E
O . 0O a L

by Ami Am2 " 8mn  mxn

Example 1.3.1 A manufacturer produces two types of models M; and M,. Each model of the
type M; requires 4 hours of grinding and 2 hours of polishing; whereas each model of the type
M, requires 2 hours of grinding and 5 hours of polishing. The manufacturer has 2 grinders and
3 polishers. Each grinder works 40 hours a week and each polisher works for 60 hours a week.
Profit on M; model is N 3.00 and on model M, is N 4.00. Whatever is produced in a week is
sold in the market. How should the manufacturer allocate his production capacity to the two
types of model, so that he may make the maximum profitin a week?

= Solution. Decision variables: Let x; and X, be the number of units of M; and M,
models produced

Objective function: Since the profit on both the modes are given, you have to maximize
the profit viz.
max z = 3X; + 4X,

Constraints There are two constraints-one for grinding and the other for polishing.

Numbers of hours available on each grinder for one week is 40. There are 2 grinders. Hence
the manufacturer does not have more than 2 x 40 = 80 hours of grinding. M1 requires 4 hours
of grinding and M, requires 2 hours of grinding.

The grinding constraint is given by

4x, + 2%, < 80.

Since there are 3 polishers, the available time for poloshing in a week is given by 3 X 60 =

180 hours of polishing. M; requires 2 hours of polishing and M, requires 5 hours. Hence we
have
2%, +5x, < 180.
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Finally you have,
Maximize z = 3x; + 4X,

Subjectto: 4x; +2x, < 80
2X1 + 5%, < 180

with:with X1, X, = 0.

s

Example 1.3.2 A company manufactures two products A and B. These products are processed
in the same machine. It takes 10 minutes to process one unit of product A and 2 minutes for
each unit of product B and the machine operates for a maximum of 35 hours in aweek. Product
A requires 1kg and B 0.5kg of raw material per unit, the supply of which is 600kg per week.
Market constraints on product B is known to be minimum of 800 units every week. Product A
costs N 5 per unit and sold at N 10. product B costs N 6 per unit and can be sold in the market
at a unit price of N 8. Determine the number of units of A and B per week to maximize the

profit.

= Solution. Decision Variable: Let x; and x, be the number of products A and B

respectively.

Objective function: Cost of product A per unitis N 5and selling price is N 10 per unit.

Therefore Profit on one unit of product A = 10 — 5= Nb5.

1 units of produc&lé contributes a profit of N5xy, profit contribution from one unit of

product Bis8- 6
X» units of product B contribute a profit of N 2x,

The objective function is given by
Maximize z = 5x; + 2X,
Constraints: The requirement constraint is given by
10x; + 2%, < (35 X 60), i.e., 10x; + 2x, <
Raw material constraint is given by,
X; + 0.5%, £ 600

Market demand of product B is 800 units every week

= 800

2100.
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The complete LPP is
Maximize 5x; + 2X,

Subjectto 10x; + 2x, < 2100
X1 + 0.5%x, < 600
X, = 800

withwith  Xx;, X, = 0.

s

Example 1.3.3 A person requires 10,12, and 12 units of chemicals A, B and C respectively,
for his garden. A liquid product contains 5,2, and 1 units of A, B and C respectively, per jar. A
dry product contains 1,2 and 4 units of A, B and C per carton. If the liquid product sell for N 3
per jar and the dry product sells for N 2 per carton, how many of each should be purchased, in
order to minimize the cost and meet the requirements?

= Solution. Decision Variables: Letx; and x, be the number of units of liquid and dry
products.

Objective function: Since the cost for the products are given, you have to minimize the
cost
Minimize z = 3x; + 2X,.

Constraints: As there are 3 chemicals and their requirements are given, you have three con-
straints for these three chemicals.

5x; + X, =2 10

2Xy + 2%, = 12

X1 +4x, = 12.

Finally the complete LPP is

Minimize z = 3x; + 2X,
Subjectto:  5x; +x, = 10
2Xy + 2%, = 12
X1 +4x, = 12

withwith X1, Xo = 0.
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Example 1.3.4 A paper mill produces two grades of paper namely X and Y. Owing to raw
material restrictions, it cannot produce more than 400 ton of grade X and 300 tons of grade Y
in a week. There are 160 production hours in a week. It requires 0.2 and 0.4 hours to produce a
ton of products X and Y respectively without corresponding profits of N200 and N500 per ton.
Formulate the above asaLPP to maximize profit.

= Solution. Decision Variables: Letx; and x, be the number of units of two grades of
paper of X and Y.

Objective function: Since the profit for the two grades of paper X and Y are given, the
objective function is to maximize the profit.

Maximize z = 200x; + 500X,

Constraints: There are 2 constraints, one referring to raw material, and the other to pro-

duction hours.
Maximize z = 200x; + 500x,

Subjectto: x; < 400
X, < 300

0.2x,+ 0.4x, < 160
with Xq, X, = 0.
&4

Example 1.3.5 A company manufactures two products A and B. Each unit of B takes twice
as long to produce as one unit of A and if the company was to produce only A, it would have
time to produce 2,000 units per day. The availability of the raw material is sufficient to produce
1,500 units per day of both A and B combined. Product B requiring a special ingredient, only
600 units can be made per day. If A fetches a profit of N 2 per unit and B a profit of N 4 per
unit, formulate the above as LPP for an optimum product mix.

= Solution. Letx; and X, be the number of units of the products A and B produced
respectively. The profit after selling these two products is given by the objective function,

Maximize z = 2x; + 4X,
Since the company can produce at most 2,000 units of the product in a day and type B requires
twice asmuch time asthat of type A, production restriction is given by

1 .3 . 4000
Exl +x; < 2,000; |.e.,§x1 < 2000 1i.e., X; ST

Since the raw material are sufficient to produce 1,500 units per dayif both A and B are
combined, you have
X1 + X, < 1500

There are special ingredients for the product B so you have x, < 600.

1
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Also, since the company cannot produce negative quantities, x; = Oand x, > 0.
Hence the problem can be finally put in the form:

Maximize z = 2x; + 4X,
Subject to: %s 4,000
X1 + X, < 1500
X2 < 600

with X1, X, = 0.
&
Example 1.3.6 A firm manufactures 3 products A, B and C. The profits are N 3, N 2 and N

4 respectively. The firm has 2 machines and given below is the required processing time in
minutes for each machine on each product

Product
A B C
Machines M; 4 3 5
M, 3 2 4
Table 1.1:

Machines M; and M, have 2, 000 and 2,500 machines minutes respectively. The firm must
manufacture 100A’s, 200 B’s and 50 C’s but no more than 150 A’s. Set up an LP problem to
maximize the profit.

= Solution. Let X;, X, X3 be the number of units of the products A, B, C respectively.

Since the profits are N 3, N 2 and N 4 respectively, the total profit gained by the firm after
selling these three products is given by,

Z = 3X1 + 2X, + 4X3.

The total number of minutes required in producing these three products at machine M; is
given by 4x, + 3x, + 5x3 and at machine M, it is given by 3x; + 2X, + 4Xa.

The restrictions on the machines M; and M, are given by 2,000 minutes and 2,500 minutes.

4x, + 3%, + 5x3 < 2000

3X1 + 2%, + 4x3 < 2500
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Also, since the firm manufactures 100 A’s, 200 B’s and 50 C’s but not more than 150 A’s
the further restriction becomes
100 < x; < 150
X, = 200
X3 2 50
Hence the allocation problem of the firm can be finally put in the form:
Maximize Z = 3X1 + 2X, + 4X3
Subjectto: 4x; + 3x, + 5x3 < 2,000

3X1 + 2X, +4x3 < 2500
100 < x; < 150

Xz = 200

X3 = 50

with X1, X2, X3 = 0

1.3.4 Sensitivity Analysis

The term sensitivity analysis, often known as post-optimality analysis refers to the optimal so-
lution of a linear programming problem, formulated using various methods You have learnt the
use and importance of dual variables to solve an LPP. Here, you will learn how sensitivity analy-
sis helps to solve repeatedly the real problem in a little different form. Generally, these scenarios
crop up as an end result of parameter changes due to the involvement of new advanced tech-
nologies and the accessibility of well-organized latest information for key (input) parameters or
the 'what-if’ questions. Thus, sensitivity analysis helps to produce optimal solution of simple
pertubations for the key parameters. For optimal solutions, consider the simplex algorigthm as
a 'black box’ which accepts the input key parameters to solve LPP as shown below

Example 1.3.7 lllustrate sensitivity analysis using simplex method to solve the following LPP.
Maximize z = 20x; + 10x,
Subjectto: X; + X, < 3
33X+ X £ 7

with X1, X2 = 0
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Simplex
Algorithm

Linear

[
Program ') optimal

Solution

_—

Figure 1.1:

= Solution. Sensitivity analysis is done after making the initial and final tableau using the
simplex method. Add slack variables to convert it into equation form.

Maximize z = 20x;+ 10x,+ Ox3 + 0x4
Subjectto: X; + X, + X3 +0x4 =3

33Xy +Xo +O0Xz3+ X4 =7
with X1, X2 = 0

To find the basic feasible solution, putx; = 0 and x, = 0. thisgives z = 0,x3 = 3 and
X4 = 7. The initial table will be as follows.:

Initial table
B Xy X, X3 X, Xg i
Xy 1 1 1 0 3 3
X, @ 1 0 1 7 713,
zj- ¢ - 20% -10 0 0 0

Table 1.2:

. X . - — e -
Find 6 = =2 for eachrow and find minimum for the second row. Here, zj ~ Ciismaximum
X
negative (— 20). Hence x; enters the basis and x4 leaves the basis. It is shown with the help of
arrows.

Key element is 3, key row is second row and key column is x;. Now convert the key element
into entering key by dividing each element of the key row by key element using the following
formula:

|
(Product of elements in the key row and key column

New element = Old element —
Key element
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B X, X, Xg X, Xg i
X, 0 Q13) 1 -1/3 213 1,
X, 1 1/3 0 1/3 713 7
;¢ 0 -10/3¢ 0 20 140/3
Table 1.3:

The following is the firstiteration tableau.
Since z; — ¢; has one value less than zero, i.e., negative value hence this is not yet optima

solution. Value -10/3 is negative hence x, enters the basis and xs leaves the basis. Key row is
upper row.

B X, X, X5 X, Xg 2
X, 0 1 3/2 -1/2 1
X, 1 0 0 4/3 4/3
Z;- ¢ 0 0 0 25 110/3
Table 1.4:

zj — ¢; = Oforall j, hence optimal solution is reached, where x; =5,x, =1;z=%° #

1.3.5 Shadow Price

The price of value of any item is its exchange ratio, which is relative to some standard item.
Thus, you may say that shadow price, also known as marginal value, of a constant i is the change
it induces in the optimal value of the objective function due to the result of any change in the
value, i.e., on the right-hand side of the constraint i.

This can be formularized assuming,

Z = objective function
b; = right-handed side of constraint i

m* = standard price of constraint i;

At optimal solution
z* =v* =b' " (Non-degenerate
solution).
Under this situation, the change in the value of z per change of b; for small changes in b; is

obtained by partially differentiating the objective function z, with respect to the righthanded

side b;, which is further illustrated as |
Z
a_bi =1

1

*
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where,
m; = price associated with the righthanded side.

It is this price, which was interpreted by Paul Sammelson as shadow price.

1.3.6 Economic Interpretation

You have often seen that shadow prices are being frequently used in the economic interpretation
of the data in linear programming.

Example 1.3.8 To find the economic interpretation of shadow price under non-degeneracy, you
will need to consider the linear programming to find out minimum of objective function z, X >

0, which is as follows:

— X1 — 2Xp — 3Xz+ X4 =
ZX,+2X,=6
Xo + 33Xy =2
X3 — X =1
Now, to get an optimal basic solution, you can calculate the numericals;

X1 =6,X,X3=1,X,=0,z=-13.
The optimal solution for the shadow price is:
mT=-1m,=-2,m,,=-3,

as, z=Vbym +b,m, +bym;, where b=(6,2,1);

it denotes,

0z 0z 0z
a—bi—ﬂl—_l,— 772—_2,a—b3

abz_ =m=-23.

As these shadow prices and the changes take place in a non-degenerate situation so, they
do notimpact the small changes of b;. Now, if this same situation is repeated in a degenerate
situation, you will have to replace b; = 1 by b; = 0; thereby 9z/9h% = — 3, only if the change
in b3 is positive. However, you need to keep in mind that if bs is negative, then x3 will drop out
of the basis and x, transcends as the basic and the shadow price may be illustrated as;

Tri:_l,rfzz_z,ﬁ3:aZ/ab_3 :_9

Here, you see that the interpretation of the dual variables 7, and dual objective function v
corresponds to column j of the primal problem. So, the goal of linear programming (Simplex
method) is to determine whether there is a basic feasibility for optimal solution, in the most
cost-effective manner.
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Thus, at iteration, t, the total cost of the objective function and this can be illustrated as:

m
V = 7TT b= TTibi
i=1
here, m =simplex multipliers which is associated with the basis B.

So, you may say that the prices of the problem of the dual variables are selected in such
a manner, that there is a maximization of the implicit indirect cost of the resources that are
consumed by all the activities. Whenever any basic activity is conducted, it is done at a positive
level and all non-basic activities are kept at a zero level.

Hence, if the primal-dual variable system is utilized, then the slack variable is maintained at
a positive level in an optimal soltuion and the corresponding dual variable is equal to zero.

1.4 Conclusion

In this unit you have learnt that the objective function of a linear Programming problem can
be of two types, namely minimization or maximization. The constraints could be of any of the
three types “greater than or equal to (=), “less than or equal to (<)” or “equal to (=)”. You
also learnt that a formulation is superior if it has fewer decision variables and fewer constraints.
For problems that have the same number of variables, the one with fewer constraints is superior,
and for problems with the same number of constraints the one with fewer variables is superior.

You also saw the non-negativity restrictions.

With this you have come to the end of Linear programming formulations. In the next unit,
you shall consider how to solve linear programming problems.

1.5 Summary

In summary, you have

(i) seenhow to Formulate alinear programming problem.

(i) known some terminologies used in Linear Programming in terms of decision variables,
objective functions, constraints and non-negativity condition

(i) seen different types of objective functions i.e., minimization and maximization objectives.

» N

(iv) seendifferent types of constraints, i.e., “greater than or equal to (=),” "equal to (=) or

“less than or equal to (< )” constraints.

(v) also seen different types of variables.

In the next unit you shall go through two more formulations to understand some more aspects
of problem formwhich would be covered which have not been covered in these two examples.

Having gone through this unit, you are able to
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» Formulate linear programming model for a cutting stock problem.
 Formulate a linear programming model from game theory.

 With the ideas learnt, formulate various other problems in linear programming.

1.6 Tutor Marked Assignments (TMAS)
Exercise 1.6.1

1. Which of the following is true about a Linear Programming Problem?

A. It hasnonlinear Objectives.

B. It has linear constraints.

C. The variables could take any value.

D. The number of constraints must be equal to the number of variables.

2. The constraints of a linear programming problem can be

A. greater than or equal to, less than or equal to or equal to.
B. acombination of greater than or equal to, less than or equal to and equal to
C. all of the above
D. none of the above.
3. A mathematical programming which is not alinear programming problem is best referred
to as
A. nonlinear programming
B. integer programming C.
transportation problem D.
quadratic programming.

4. A linear programming model must be made up of

A. Linear objective function, Linear constraints and unrestricted decision variables.
B. Linear objective function, Linear constraints and non-negative decision variables.
C. Obijective function, constraints and non-negative decision variables.

D. Linear objective function, constraints and unrestricted decision variables.

5. Any linear programming problem has

A. aunique formulation.
B. many formulations depending on how one looks at the problem.
C. amaximum of two formulations
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D. amaximum of three formulations
6. Which of the following is not a major aim in Operation research

A. Minimization of the cost
B. Maximization of profit

C. Minimization of resources.
D. Wastage of raw materials.

Exercise 1.6.2

1. A merchant plans to sell two models of home computers at costs of N 250 and N 400,
respectively. The N 250 model yields a profit of N 45 and the N 400 model yields a profit
of N 50. The merchant estimates that the total monthly demand will not exceed 250 units.
Formulate the LPP for the number of units of each model that should be stocked in order
to maximize profit. Assume that the merchant does not want to invest more than N 70,000
in computer inventory.

2. A fruit grower has 150 acres of land available to raise two crops, A and B. It takes one
day to trim an acre of crop A and two days to trim an acre of crop B, and there are 240
days per year available for trimming. It takes 0.3 day to pick an acre of crop A and 0.1 day
to pick an acre of crop B, and there are 30 days per year available for picking. Formulate
the LPP for the number of acres of each fruit that should be planted to maximize profit,
assuming that the profitis N 140 per acre for crop A and N 235 per acre for B.

3. A grower has 50 acres of land for which she plans to raise three crops. It costs N 200
to produce an acre of carrots and the profit is N 60 per acre. It costs N 80 to produce an
acre of celery and the profitis N 20 per acre. Finally, it costs N 140 to produce an acre
of lettuce and the profit is N 30 per acre. Formulate the LPP for the number of acres of
each crop she should plant in order to maximize her profit. Assume that her cost cannot
exceed N 10,000.

4. A fruit juice company makes two special drinks by blending apple and pineapple juices.
The first drink uses 30% apple juice and 70% pineapple, while the second drink uses 60%
apple and 40% pineapple. There are 1000 litres of apple and 1500 litres of pineapple juice
available. If the profit for the first drink is N 0.60 per litre and that for the second drink is
N 0.50, Formulate the LPP for the number of litres of each drink that should be produced
in order to maximize the profit.

5. A manufacturer produces three models of bicycles. The time (in hours) required for
assembling, painting, and packaging each model is as follows.

The total time available for assembling, painting, and packag- ing is 4006 hours, 2495
hours and 1500 hours, respectively. The profit per unit for each model is N 45 (Model A),
N 50 (Model B), and N 55 (Model C). Formulate the LPP for the number of each type
that should be produced to obtain a maximum profit?
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Model A Model B Model C
Assembling 2 2.5 3
Painting 15 2 1
Packaging 1 0.75 1.25

6. Suppose in Exercise 5 the total time available for assembling, painting, and packaging is
4000 hours, 2500 hours, and 1500 hours, respectively, and that the profit per unit is N 48
(Model A), N50 (Model B), and N52 (Model C). Formulate the amount of each type that
should be produced to obtain a maximum profit?

7. A company has budgeted a maximum of N600,000 for advertising a certain product na-
tionally. Each minute of television time costs N 60,000 and each one-page newspaper ad
costs N 15,000. Each television ad is expected to be viewed by 15 million viewers, and
each newspaper ad is expected to be seen by 3 million readers. The company’s market
research department advises the company to use at most 90% of the advertising budget
on television ads. Formulate an LPP for how the advertising budget could be allocated to
maximize the total audience?

8. Rework Exercise 7 assuming that each one-page newspaper ad costs N30,000.

9. Aninvestor hasup to N 250,000 to invest in three types of investments. Type A pays 8%
annually and has a risk factor of 0. Type B pays 10% annually and has a risk factor of
0.06. Type C pays 14% annually and has a risk factor of 0.10. To have a well-balanced
portfolio, the investor imposes the following conditions. The average risk factor should be
no greater than 0.05. Moreover, at least one-fourth of the total portfolio is to be allocated
to Type A investments and at least one-fourth of the portfolio is to be allocated to Type
B investments. Formulate an LPP for how much that should be allocated to each type of
investment to obtain a maximum return.

10. Aninvestor has up to N 450,000 to invest in three types of investments. Type A pays 6%
annually and has a risk factor of 0. Type B pays 10% annually and has a risk factor of
0.06. Type C pays 12% annually and has a risk factor of 0.08. To have a well-balanced
portfolio, the investor imposes the following conditions. The average risk factor should
be no greater than 0.05. Moreover, at least one-half of the total portfolio is to be allocated
to Type A investments and at least one-fourth of the portfolio is to be allocated to Type
B investments. Formulate an LPP for how much that should be allocated to each type of
investment to obtain a maximum return.

11. An accounting firm has 900 hours of staff time and 100 hours of reviewing time available
each week. The firm charges N 2000 for an audit and N 300 for a tax return. Each audit
requires 100 hours of staff time and 10 hours of review time, and each tax return requires
12.5 hours of staff time and 2.5 hours of review time. Formulate an LPP for the number
of audits and tax returns that will bring in a maximum revenue.
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12. The accounting firm in Exercise 11 raises its charge for an audit to N 2500. Formulate an
LPP for the number of audits and tax returns that will bring in a maximum revenue.

13. A company has three production plants, each of which produces three different models of
a particular product. The daily capacities (in thousands of units) of the three plants are as
follows.

Model 1 Model 2 Model 3

Plant 1 8 4 8
Plant 2 6 6 3
Plant 3 12 4 8

The total demand for Model 1 is 300,000 units, for Model 2 is 172,000 units, and for
Model 3 is 249,500 units. Moreover, the daily operating cost for Plant 1 is N 55,000, for
Plant 2 is N 60,000, and for Plant 3 is N 60,000. Formulate the LPP for how many days
each plant can be operated in order to fill the total demand, and keep the operating cost at
a minimum.

14. The company in Exercise 13 haslowered the daily operating cost for Plant 3to N 50,000.
Formulate the LPP for the number of days each plant be operated in order to fill the total
demand, and keep the operating cost at a minimum.

15. A small petroleum company owns two refineries. Refinery 1 costs N 25,000 per day to
operate, and it can produce 300 barrels of high-grade oil, 200 barrels of medium-grade
oil, and 150 barrels of low-grade oil each day. Refinery 2 is newer and more modern. It
costs N 30,000 per day to operate, and it can produce 300 barrels of high-grade oil, 250
barrels of medium-grade oil, and 400 barrels of low-grade oil each day. The company has
orders totalling 35,000 barrels of high-grade oil, 30,000 barrels of medium-grade oil, and
40,000 barrels of low-grade oil. Formulate the LPP for the number of days the company
must run each refinery to minimize its costs and still meet its orders.

16. A steel company has two mills. Mill 1 costs N 70,000 per day to operate, and it can
produce 400 tons of high-grade steel, 500 tons of medium-grade steel, and 450 tons of
low-grade steel each day. Mill 2 costs N 60,000 per day to operate, and it can produce 350
tons of high-grade steel, 600 tons of medium-grade steel, and 400 tons of low-grade steel
each day. The company has orders totalling 100,000 tons of high-grade steel, 150,000
tons of medium-grade steel, and 124,500 tons of low-grade steel. Formulate the LPP for
the number of days the company must run each mill to minimize its costs and still fill the
orders.

References
1. Linear Programming Lectures Youtube videos

2



UNIT 1. LINEAR PROGRAMMING

2. Mokhtar S. Bazaraa, John J. Jarvis: Linear Programming and Network Flows, John Wiley
and Sons, New York. 1977

3. Luenberger D. G. Introduction to Linear and Nonlinear Programming, Addison-Wesley,
Reading, Mass., 1973.



Module Il

Methods of Solutions to Linear
Programming Problems

24



UNIT 2

GRAPHICAL AND ALGEBRAIC
METHODS.

2.1 Introduction

In this unit, you will be introduced graphical and algebraic methods of solving linear program-
ming problems

2.2 Objectives

At the end of this unit, you should be able to

(i) solve linear programming problems using graphical method.

(i) solve linear programming problems using algebraic method.

2.3 Main Content

2.3.1 Graphical Method

Simple linear programming problems with two decision variables can be easily solved by graph-
ical method.

2.3.2 Procedure For Solving LPP By Graphical Method

The stepsinvolved in graphical method are as follows:
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Step 1 Consider eachinequality constraint as an equation.

Step 2 Plot each equation on the graph, as each will geometrically represent a straight line.

Step 3 Mark the region. If the inequality constraint corresponding to the line is <, then the
region below theline lying in the first quadrant (due to non-negativity of variables) is
shaded. For the inequality constraint with > sign, the region above the line in the first
quadrant is shaded. The points lying in the common region will satisfy all the constraints
simultaneously. The common region thus obtained is called the “feasible region”.

Step 4 Assign an arbitrary value, say zero, to the objective function.

Step 5 Draw the straight line to represent the objective function with the arbitrary value (i.e., a
straight line through the origin).

Step 6 Slide the objective function line till the extreme points of the feasible region. In the
maximization case, this line will stop farthest from the origin, passing through at least
one corner of the feasible region. In the minimization case, this line will stop nearest to
the origin, passing through at least one corner of the feasible region. In the minimization
case, this line will stop nearest to the origin, passing through at least one corner of the
feasible region.

Step 7 Find the co-ordinates of the extreme points selected in step 6 and find the maximum or
minimum value of z.

Note As the optimal values occur at the corner points of the feasible region, it is enough to
calculate the value of the objective function of the corner points of the feasible region
and select the one that gives the optimal solution. That is, in the case of maximization
problem, the optimal point corresponds to the corner point at which has the objective
function as maximum value, and in the case of minimization, the optimal solution is
the corner point which gives the objective function the minimum value for the objective
function.

Example 2.3.1 Solve the following LPP by graphical method
Minimize z = 20x; + 10X,
Subjectto. Xx; + 2%, < 40
3X1 + X, 2 30
4x, + 3%, = 60
with X1, X = 0

< Solution. Replace all the inequalities of the constraints by equation

X1 + 2%, = 40 passes through (0, 20)(40, 0)
3X;1 + X, passes through (0, 30)(10, 0)
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4x, + 3X, = 60 passes through (0, 20)(15, 0)
Plot the graph of each on the same graph

y=X,

40—

30—

C(4,18)

X=X

Figure 2.1:
The feasible region is ABCD.

C and D are points of intersection of lines.
C intersects x; + 2x, = 40, and 3x; + X, = 30
and D intersects 4x; + 3x, = 60, and X; + x, = 30. Thus C = (4,18) and D = (6, 12)

Corner points Value of z = 20x; + 10x,

A(15, 0) 300
B(40, 0) 800
C(4,18) 260
D(6, 12) 240 (Minimum value)

Therefore the minimumyvalue of z occurs at D(6,12). Hence, the optimal solution is x; =
6, X2 = 12. 4
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Example 2.3.2 Use graphical method to solve the LPP.

Maximize z = 6x; + 4X,

Subjectto —2x;+ X, < 2
Xp— Xp < 2
33X +2%, < 9

with X1, X = 0.

= Solution. Replacing the inequality by equality
— 2%, + X, = 2 passes through (0, 2), (= 1,0)

X1 — Xp = 2 passes through (0, — 2), (2,0)

3x;y + 2%, = 9 passes through (0, 4.5), (3, 0)

Figure 2.2:

Feasible region is given by ABC.
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Corner points Value of z = 6x; + 4x,
0(0,0) 0
A(2,0) 12

B(13/5,3/5) 18 (Maximum value)
C(5/7, 24/7) 18 (Maximum value)

The maximum value of z is attained at B(13/5, 3/5) orat C(5/7,24/7)
Therefore optimal solution is x; = 13/5,x, = 3/5 orx, =5/7,x, = 24/7. &4

Example 2.3.3 Use graphical method to solve the LPP.

Maximize 3x; + 2X»
Subjectto 5x; + %, = 10
X1 +X, = 6

X1 +4X, = 12

with X1, X2 = 0

= Solution.

|
8

|
2 4 6

Figure 2.3:
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Corner points Value of z = 3x; + 2x,

A(0, 10) 20
B(1,5) 13 (Minimum value)
C(4,2) 16
D(12,0) 36

Since the minimum value is attained at B(1,5) the optimum solution isx; = 1,x, = 5.

Note: In the above problem if the objective function is maximization, then the solution is
unbounded, as maximum value occurs at Infinity. ‘4

2.3.3 Some More Cases

There are some linear programming problems which may have,
(i) aunique optimal solution (ii) aninfinite number of optimal solutions.
(iif) an unbounded solution  (iv) no solution.

The following examples will illustrate these cases.
Example 2.3.4 Solve the LPP by graphical method.
Maximize z = 100x; + 40X,

Subjectto. 5x; +2x, < 1,000

3Xx1 + 2%, < 900
X1 + 2%, < 500
with X1, X = 0

< Solution. The solution space is given by the feasible region OABC.
Corner points Value of z = 100x; + 40x,
0(0,0) 0
A(200, 0) 20, 000 (Maximum value of z)
B(125, 187.5) 20, 000 (Maximum value of z)

C(0,250) 10,000
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/// )
. T T I >
4
“ % >
100 200 5 300 x€+ 400 500 *e*t 600
* Y 500
B 2
2

Figure 2.4:

Therefore the maximum value of z occurs at two vertices A and B. Since there are infinite
number of points on the line joining A and B is gives the same maximum value of z

Thus, there are infinite number of optimal solutions for the LPP. &

Example 2.3.5 Solve the following LPP

Maximize z = 3X; + 2Xy
Subjectto X; — X, = 1
X1 +X, 2 3

with X1, X = 0
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< Solution.

| | 1
O/ 2 4
H dy

Figure 2.5:

The solution space is unbounded. The value of the objective function at the vertices A and
B are z(A) = 6, z(B) = 6. But there exists points in the convex region for which the value of
the objective function is more than 8.

In fact, the maximum value of z occurs at infinity. Hency, the problem has an unboun(igd

solution.
No feasible solution

When there is no feasible region formed by the constr